This paper is concerned with the CI/C/l queueing system under the assumption of last-come-firstserved queue discipline where each customer enters the service immediately upon his arrival. If a customer service is interrupted because of the arrival of another customer, his remaining service requirement remains unchanged until the server can attend to him again. Let (Pn) and (rn)' n = 0.1. 2 •.....
Introduction
Customers arrive at a station at epochs ... , a_ Z ' a_ l , aO' al' a Z ,···.
where the interarrival times Tn = an -a n and SO' S±l' s±z,·.· are stochastically independent. Let p = All-I; we assume that p is strictly less than one. 338 We partition the waiting facility into positions labeled by the integers This system has been studied by Fakinos [1] and Yamazaki [7] . Fakinos.
by considering the system at epochs immediately before successive arrivals.
proved that the equilibrium distribution of the number of customers in the system is geometric while the remaining service requirements of customers present are i.i.d. r.v.'s. Yamazaki. by considering the system at epochs, immediately after successive departures as well as at epochs immediately before successive arrivals. proved the same result as Fakinos' in both cases. Moreover. Yamazaki proved that the distribution of the time between a departure and the next arrival epochs is independent of the state of the system.
It is the purpose of this paper to extend the results obtained by Fakinos and Yamazaki for the case of "any time", that is. to derive three invariance relations valid at any time for the GI/G/1 queueing system described above.
Let (Pm) and <-r m ). m=O. 
Preliminaries
We consider here the queueing system described 1n the preceding section.
where every customer behaves always alone, that is. we exclude a case which has batch arrivals or customers having 0 service requirement. Let Q(t) be the number of customers in the system at any time t. let Xi(t) be the remaining service requirement of the customer occupying position i at t, i=1,2, ..
. ,O(t),
and let Y(t) be the nearest arrival time after t. Then, the process is a Markov process representing the state of the system. Z(t) (-oo<t<oo) is defined on a probability space (n, =, p). Throughout this paper it is assumed that z(t) is time continuous strictly stationary and ergodic for P.
Now. let us consider two Palm measures, P a and P a , defined with respect to the sequences {a}oo and {a}oo respectively, where {a } is the sequence n n=-oo n n=-oo n of departure times. Pa(P a ) is a probability measure of the space (n, =).
which may be thought as a conditional distribution of P under the condition
. By the stationarity of z(t), the intensity of departures from the system is equal to A, which is the intensity of arrivals to the system.
Then, P a and P a are uniquely determined from the stationary of P and they are strictly stationary for the sequences {a } and {a } respectively, that is, for n n any E E: = 
Pr(Ji!>x). On the basis of the random walk, we define I(x) for x:::O as:
Let us introduce the following notation for the probability distributions: [7] ).
(2) 
Pr{the number of arrivals to the system in (t, t+h] = 1} pr{ the number of departures from the system in (t, t+h]
pr{ the number of arrivals and/or departures in (t, t+h] > 1}
Invariance Relations
Following the same approach as Kopociiiska and Kopociiiski [5] , we derive three invariance relations at any time for the GI/G/l queueing system with queue discipline described in Section Observing the state of the process z(t) at the epochs t and t+h (h>O), we find from the stationarity of the process and Lemma 2 that 
Pr( Q(t)=O; Y(t)~y+h ) -Pr( Q(t)=O; Y(t)~h ) +

Pr( Q(t)=l; Xl (t)5h; h<Y(t)~y+h) + o(h), (8) pr( Q (t+h)=m; Xl (t+h) SX; y(t+h)S Y ) pr( Q (t)=m; Xl (t)sx+h; y(t)Sy+h
Similarly we can obtain the following:
(
11) lim Pr( Q(t)=m; X 2 (t)sx; h<y(t)sy+h I Q(t»O; X 1 (t)Sh
From (9), (10) and Lennna 1 we have the following: 
Urn * pr(Q(t»O; Xl (t)Sh) .Pr(Q(t)=m; h<y(t)Sy+hIQ(t»O; Xl (t)Sh)
(t)$x+h I y(t)$h ) lJ-+O lim ~-Pr( Q(t)=m; x 1 (t»h; y(t)$h; S$X, T$y ) lJ-+Oh (cL (2», lim * Pr( y(t)~h )'Pr( Q(t)=m; X 1 (t»h; S$X, T$y I y(t)$h lJ-+O
A·lim Pr( Q(t)=m; X 1 (t»h I y(t)$h )·Pr(S$x)·Pr(T$y)
lJ-+O (cL (2»,
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Since B(x) and A(y) are absolutely continuous, the joint distribution Q(t), X 1 (t) and yet) possesses densities with respect to the second and third variables (see, for example Tumura [6] ). Forming difference quotients in (7) and (8), taking their limits as h -+ 0, and using (12)- (15) we get the following: 
(Y) = 1 -I(y).
On the basis of (16) and (18) we have the following theorem:
Theorem. 
Proof: Taking the limit of (18) as y + 00, we can get
.
Integrating ( The former expression of (21) can be easily obtained by integrating (16) over o to y and using (23). Taking the limit of (18) as x + 00 and integrating it over 0 to y, the latter expression of (21) can be derived.
Remarks
(i) Much work has been performed with queue discipline in relation to productform solutions of the equilibrium equations in queueing network settings, under assumption that the arrival process to the system is a Poisson Process.
One of the common properties resulting from the queue disciplines is that the remaining service requirement of the customer being served at any time at a node in the queueing network is independent of the state of the node and it has the d.f. of the 'residual' service requirement (see, for example, Kelly [3] ) .
Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited. Following the same approach as for the proof of the theorem of [7] it can be easily checked that Lemma 1 remains valid when the system operates under the above and (i) of Section 1. Hence the theorem of Section 3 remains valid under this discipline.
(iv) Moments of Q(t) (involving unknown a) can be obtained from (4) and (19); for example, the expectation of Q(t) as ( 
24) E[Q(t) ]
Since it is clear that Pr (an arrival finds the system idle in the GI/G/1 queue with the queue discipline described in Section 1) = Pr (an arrival finds the system idle in the GI/G/l queue with FCFS queue discipline) , we can interpret a in (24) 3S a = Pr (an arrival finds the system busy in the GI/G/l queue with FCFS queue discipline).
Therefore, if we can find a by some methods, for example, by a numerical calculation of the GI/G/l queue with FCFS, we can easily compare the moments of Q(t) with those of Q*(t), where Q*(t) ~s the number of customers in the system at any time t in the steady state under FCFS queue discipline. In other words, whenever a can be found, it is possible to judge whether introducing the preemptive-resume queue discipline is efficient or not.
